PA3PE3AHH5I METAJlJlHHECKOrO nPHMOYrOJlbHHKA 



M. nPACOJIOB H M. CKOnEHKOB 



3a^aHH Ha pa3pe3aHne c ^aBHnx nop npHBjieKajiH BHHMamie Gjiaro^apa cBoeft Harjia^HocTH h 
KpacoTe, coHeTaiomeHCH co cjioxcHOCTbio peineHHH. Ohh Haxo^aT npHMeHeHHe b apxHTeKrype h 
^H3afiHe. HHTepec k hhm pacTeT b cbh3h c oGHapyxceHHeM B3anMocBH3H sthx 3a,n;aH c cpH3HKOH, 
rapMOHHnecKHM aHajiH30M, Teopnefl BepoaTHocTeft. 

B ^aHHofi HayHHO-nonyjiapHofi CTaTbe mbi otbcthm Ha cjie^yioiHHe reoMeTpHHecKHe Bonpocbi: 

• Kaxne npjiMoyrojiBHHKH mojkho pa3pe3aTt Ha KBa^paTbi? 

• Kor^a H3 no^oGHBix ^pyr ^pyry npHMoyrojiBHHKOB mojkho cocTaBHTB KBa^paT? 

,H,oKa3aTejiBCTBa ocHOBaHti Ha <pH3HHecKOH HHTepnpeTaHHH, Hcnojib3yioirj;eH ajiercrpiiHecKHe ue- 
hh. ,ZI,jih noHHMaHHa cTaTBH ^ocTaTOHHo 3HaKOMCTBa co hikojibhoh nporpaMMoii no MaTeMaTHKe 

H (J)H3HKe. 

HACTb I. Pa3pe3aHHa npaMoyrojibHHKa Ha KBa^paTM. 

HaHHeM c npHMepa. 

IlpHMoyrojibHHK pa3MepoM a x b, r^e a h b — uejibie nncjia, jierxo pa3pe3aeTcn Ha a ■ b o^HHaKo- 
Bbix KBa^paTOB. Pa3yMeeTCH, to ace caMoe BepHo h ^jia jno6oro no^oGHoro eMy npaMoyrojibHHKa. 
3HaHHT, npHMoyrojiBHHK c pauHOHajiBHBiM oTHomeHHeM nepneH^HKyjiapHBix ctopoh pa3pe3aeTca 
Ha paBHbie KBa^paTbi. 

EcTecTBeHHBifi Bonpoc, Kaxne npaMoyrojiBHHKH mojkho pa3pe3aTb Ha KBa^paTbi npoH3BOJiBHo- 
ro, He o6a3aTejibHO o^HHaKOBoro , pa3Mepa. 0Ka3biBaeTca, OTBeT tot ace caMbiii: 
TeopeMa JJ^eHa. Ecau npsiMoyzoAbHUK momcho pa3pe3amb na neadpamu (ne o6fi3ameAbHo pae- 
nue), mo omnoiuenue 3auh ezo nepnenduKi/AsipHux cmopon payuonaAbno. 

3Ty TeopeMy oTKpbiji Maxc ,H,eH b 1903 ro^y. OpnrHHajibHoe paccyjK^eHne ,ZIeHa Gbijio ^;o- 
bojibho cjiojkho. Bnocjie^cTBHH noaBHjiHCb Gojiee npocTbie ^oxasaTejibCTBa 1 . Mbi npHBe^eM o^;ho 
H3 hhx, npHHa^yiexcamee P.JI. Bpyxcy, K.A.B. CMHTy, AT. CToyHy h Y.T. TaTTy 2 . 
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Phc. 1. Pa3pe3aHHH npHMoyrojibHHKa Ha 2 npaMoyrojibHHKa 



KaK HCKaTb OTHomeHHe ctopoh npaMoyrojibHHKa. 

HTax, HaM HyjKHo HayHHTbcs Haxo^HTb oTHonieHHe ctopoh npHMoyrojibHHKa, pa3pe3aHHoro Ha 
KBa^paTbi. Byn,eM paccMaTpHBaTb pa3pe3aHHH He TojibKo Ha KBa^paTbi, ho h Ha npoH3BOJibHbie 

npilMOyrOJIbHHKH, OTHOHieHHH CTOpOH KOTOpblX CHHTaiOTCH H3BeCTHbIMH. 

3aflana 1. Bojibihoh npHMoyrojitHHK pa3pe3aH Ha HecKontKO MeHtnmx. ^oxajKHTe, hto CTopoHti MeHt- 
niHX npHMoyrojibHHKOB napajijiejitHbi CTopoHaM 6ojibinoro. ( YKa3aHue. Ecjih ecTt MeHbinne npHMoyrojit- 
hhkh, pacnojiojKeHHbie "kphbo", to paccMOTpnTe 6jiH>KaitniHH H3 hhx k BepniHHe 6ojibHioro.) 

Byn;eM cHHTaTb, hto ctopohm Bcex paccMaTpnBaeMbix npHMoyrojiBHHKOB napajuiejibHbi Koop- 
^HHaTHbiM ocHM, to ecTb jih6o eepmuKaAbHU, jih6o eopu30HmaA'bHU. rtofl omnomeHueM cmopon 
npHMoyrojibHHKa mm Bcer^a noHHMaeM OTHomeHHe ^jihhbi ero ropH30HTajibHOH ctopohbi k ^jiHHe 

BepTHKajIBHOH . 

Cm., HanpHMep, Kmiry H.M. 5IrjiOMa "KaK pa3pe3aTb KBa^paT?" M.: HayKa, 1968, hjih o63op Ha catoe http: 
//www . squaring . net. 

2 yBjieKaTejibHbift paccKa3 o tom, KaK sth aBTopti npn,n,yMajiH cboh MeTO^o,, mojkho nponnTaTb b rjiaBe "KBa,a,- 
pnpoBaHHe KBa/ipaTa" KHnrn M. Tap^Hepa "MaTeMaTHHecKHe tojiobojiomkh h pa3BjieHeHHii", M.: Map, 1999. 
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Ha^HeM c npocTeflniHX npHMepoB. 
IIpHMep 1. IlpjiMoyrojibHHK c othoiii6hh6m cTopoH R pas^ejieH BepTHKajibHMM pa3pe30M Ha ppa. 
npaMoyrojit>HHKa c othoiii6hii3mh ctopoh R\ h R2 (pnc. la). Tor^a R = Ri + R 2 . JXeRcTBHTejib- 
ho, nycTb BepTHKajibHaa cTopoHa Gojibinoro npHMoyrojiBHHKa paBHa x. Tor^a ropH30HTajiBHBie 

CTOpOHBI MeHBHIHX npHMOyrOJIBHHKOB paBHBI R\X H R2X. 3HaHHT, R = (RiX + R2X) jx = R\ + R 2 . 

IIpHMep 2. IIpHMoyrojiBHHK c oTHonieHneM ctopoh R pa3^;ejieH ropn30HTajiBHBiM pa3pe30M Ha 
^Ba npaMoyrojiBHHKa c othohi6hhhmh ctopoh R 1 h R 2 (pnc. 16). Tor^a R = J^ 1 ^ ■ ^eflcTBHTejib- 
ho, nycTB ropH30HTajiBHasi CTopoHa 6ojibhioto npsMoyrojiBHHKa paBHa y. Tor^a BepTHKajiBHBie 

CTOpOHBI M6HBHIHX npHMOyrOJIBHHKOB paBHBI 1) / R\ H y / ' R 2 . 3HaHHT, 

R = y = RlR2 

y/R 1 + y/R 2 R 1 + R 2 

IIoKaJKeM Ha npHMepe, KaK HCKaTB othohi6hh6 ctopoh npaMoyrojiBHHKa b o6meH CHTyaHHH . 

IIpHMep 3. HMeeTca npaMoyrojiBHBiH nixacp c KBa^paTHBiMH nojiKaMH, H3o6pa>KeHHBiH Ha pn- 
cyHKe 2 3 . Hafi^eM oTHonieHHe hihphhbi niKacpa k ero BBicoTe. 




PHC. 2. KaKOBO OTHonieHHe hihphhbi 3Toro niKacpa k ero bbicotc? 

3aHyMepyeM KBa^paTBi (nojiKn) KaK noKa3aHo Ha pnc. 3. Mojkho cHHTaTB, hto BepTHKajiBHaa 
CTopoHa GojiBHioro npHMoyrojiBHHKa (niKacpa) paBHa 1 . TopHsoHTajiBHyio CTopoHy GojiBinoro npa- 
MoyrojiBHHKa o6o3HanHM nepe3 x. Tor^a HCKOMoe OTHonieHHe ctopoh paBHo R = 1/x. CTopoHy 
KBa^paTa HOMep k o6o3HaHHM nepe3 x^. 
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Phc. 3. Pa3pe3amie npHMoyrojiBHHKa Ha 9 HepaBHBix KBa^paTOB 

K jieBott GTopoHe GojiBHioro npHMoyrojiBHHKa npHMBiKaioT KBa^paTBi 2, 3 h 8, oTKyna x = 
x 2 +xs+Xs- K npaBofi cTopoHe KBa^paTa 3 npHMBiKaioT KBa^paTBi 1 h 4: x% = X1+X4. AHajiorHHHo, 
xq + xg = Xf, x\ + x 2 = 25 + xq, 24 + 25 = Xg. CcpopMyjinpyeM Hanie HaGjiio^eHHe b o6meM BHjj,e: 



'<Soto c caitTa http://www.mynl.com/ww/projectll.html 
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"YcjiOBHe BepTHKajifaHoii cthkobkh. JJasi Kaotcdozo eepmuKaAbuoso pa,3pe3a cyMMa eepmu- 
KcuibHux cmopoH npjiMoysoAbHUKoe, npuMunawu^ux k pa,3pe3y CAeea, paeua cyMMe eepmunaAb- 
hux cmopoH npRMoyzoAbHUKoe, npuMunawvu^ux cnpaea. BepmuKaAbHan cmopona 6oAt>iuo20 npn- 
MoyeoAbHUKa poena cyMMe eepmuitcuibHux cmopon npuMUKawmux k neu npHMoyzoAbHunoe. 

Din/in Ha cxeMy pa3pe3aHHH, mojkho HanncaTb aHajiorHHHbie ypaBHeHHH, onncbiBaioiiiHe npn- 
MHKaHHe KBa^paTOB npyr k flpyry ropH30HTajibHbiMH cTopoHaMH: 

"YcjiOBHe ropH30HTajifaHoii cthkobkh. JJasi nawcdozo 2opu30HmaAt>H020 pa3pe3a cyMMa sopu- 
30HmaAbHux cmopon npsiMoydOAbHUKoe, npuMUKamu^ux k pa,3pe3y ceepxy, paeua cyMMe zopu- 
30HmcuibHux cmopoH npsiMoysoAbHUKoe, npuMunawu^ux cnu3y. ropu30HmaAt>Hasi cmopona 6oAb- 
m.020 npHMoyzoAbHuna paeua cyMMe sopu30HmaAt>Hux cmopon npuMUKamv^ux k neu npsiMo- 

ygOAbHUKOe. 

M.3 STOrO yCJIOBHS: 1 = £3 + £4 + £g, £4 = X\ + £5, X\ + £3 = X2, £5 + £g = XQ + X7, X 2 + Xq = x$. 

HTaK, HaxoncneHHe OTHonieHHH ctopoh npHMoyrojibHHKa cbohhtch k peHiemno cncTeMbi ypaB- 
Hemift, b HaineM cjiynae: 

X = X 2 + X 3 + Xg, £ 3 = £i+£ 4 , £ 6 +£ 8 = £ 7 , x 1 + x 2 = x 5 + x 6 , x 4 + x 5 = x 9 , 
£3 + £4 + £g = 1, 2 4 = £1+ £5, X 1 +X 3 = X 2l X 5 + X 9 = X e + X 7 , X 2 + Xq = Xg. 

KaK pemaTb CHCTeMy jiHHeHHt>rx ypaBHeHHii. 

HanoMHHM, hto AuneuHUM ypaenenueM HasbiB&eTcs ypaBHeHHe BH^a R\X\+R 2 x 2 +- ■ ■+R n x n = 
h, rne x\,x 2 , . . . ,x n — Hen3BecTHBie , a h,R\, R 2 , . . . , R n — 3a,n,aHHbie nncjia. YpaBHeHHH, nojiy- 
naioiriHecH nepeHocoM HeKOTopbix cjiaraeMbix b npyryio nacTb, Taxace c HHTaioT ch jiHHeflHBiMH. 

IlpoHjijiiocTpHpyeM H3BecTHbitt ajiropHTM Taycca->Kop^aHa peniemiH cncTeMbi jiHHeiiHbrx ypaB- 
HeHHH Ha HaineM npHMepe. Hama uejib — npeo6pa30BaTb CHCTeMy Tax, htoGm Kaacflaa HeH3BecT- 
Han ynacTBOBajia pobho b ohhom ypaBHeHHH. ^jih HeH3BecTHOH x sto ynce BbinojiHeHo — oHa 
COflepJKHTCH TOJIbKO b nepBOM ypaBHeHHH. 

IlepeH^eM ko BTopoMy ypaBHemno. B HeM HeH3BecTHan £3 BbipanceHa nepe3 x\ h £ 4 . noncTaBHM 
3to Bbipa>KeHHe b npyrne ypaBHeHHH cncTeMbi, conepHcaniHe HeH3BecTHyio X3 — b nepBoe, mecToe 
h BocbMoe. IIojiyHHM CHCTeMy: 

X = X 2 + X 1 + £4 + Xg, £3 = £1 + £4, X 6 + Xg=X 7 , Xx+X 2 = X 5 + X 6 , x 4 + x 5 = x 9 , 
Xi + 2x 4 + £g = 1, X 4 = Xi + £5, 2Xi + 2 4 = X 2 , X 5 + Xg = X e + X 7 , X 2 + £ 6 = Xg. 

OHa paBHocHjibHa hcxohhoh. Ho Tenepb HeH3BecTHan £3 ynacTByeT TOJibKo bo btopom ypaBHeHHH. 

riepeH^eM k TpeTbeMy ypaBHeHHio. ilo^cTaBjiHH BbipanceHHe x 7 = x^+Xg b neBHToe ypaBHeHHe, 
nojiyHHM CHCTeMy, conepHcairiyio x 7 tojibko b TpeTbeM ypaBHeHHH: 

X = X 2 + X\ + £4 + Xg, £3 = Xi + £4, Xq + Xg = £7, £1 + £2 = £5 + £6, £4 + £5 = £9, 
£l+2£ 4 + £g = l, £ 4 =£i+£5, 2£i + £4 = X 2 , £5 + £9 = 2£ 6 + £ 8 , X 2 + £ 6 = Xg. 

By^eM npo^ojiJKaTb TaKHM ace o6pa30M ^ajibme. Kaac^biH pa3 6y^eM BbipaacaTb o^Hy H3 HeH3- 
BecTHbix b onepe^HOM ypaBHeHHH nepe3 ocTajibHbie. ByzjeM no^CTaBjiHTb nojiyneHHoe BbipaxceHHe 
b flpyrne ypaBHeHHH. B nojiyneHHOH cncTeMe BbiGpaHHaa HeH3BecTHaH 6y^eT npncyTCTBOBaTb 
TOJibKo b ojxhom ypaBHeHHH. Ilocjie 9Toro npouecc npojj;oji>KaeTCH 4 

B HTore mm nojiyHHM CHCTeMy "ypaBHeHHii" (npoBepbTe!): 

£ = 33/32, 23 = 9/32, £7 = 1/2, Xl = 1/32, £4 = 1/4, 
£ 9 = 15/32, £ 5 = 7/32, £ 2 = 5/16, £ 8 = 7/16, £ 6 = 1/8. 

TeM caMbiM penieHHe hcxojihoh cncTeMbi Haiijj;eHo. HTaK, b npHMepe 3 oTHonieHHe ctopoh 
GojibHioro npHMoyrojibHHKa paBHo R = 1/x = 32/33. 3HaneHHH HeH3BecTHbix x\, . . . ,x 9 — sto 
ctopohm KBa^paTOB. TeM caMbiM mm nojiyHHjiH npHMep pa3pe3aHHH npHMoyrojibHHKa Ha nonapHo 
pa3jiHHHbie KBajj;paTbi. 

3aflana 2 5 . ^OKajKHTe, hto njiocKOCTb mojkho 3aMOCTHTb nonapHo pa3JiHHHMMH KBa^paTaMH, ajihhm 

CTOpOH KOTOpblX — I^ejlbie HHCJia. 

4 Boo6m,e roBopa, bo3mo>kho, hto nocjie Haineii no^CTaHOBKH Bee h6H3bgcthbi6 b hckotopom ypaBHeHHH coKpa- 
thtch, h oho npHMeT bh^i, = 0. B 3TOM cjiynae Bbi6pocHM ero H3 cncTeMbi. Ecjih »ce b pe3yjibTaTe no/jCTaHOBKH 
nojiyHHjiocb ypaBHeHHe, b kotopom npaBaa nacTb — HeHyjieBoe hhcjio, a Bee K03(p(pHH,HeHTbi b jieBoii nacra Hy- 
jieBbie, to 3to 03HanaeT, hto HCxo^Haa CHCTeMa He HMeeT penieHHii. 

5 F.V. Henle, J.M. Henle, Squaring the plane, Amer. Math. Monthly 115:1 (2008), 3-12 
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3aflana 3. ripHMoyrojibHHK pa3JJ,ejieH Ha nHTB npHMOyrOJIBHHKOB C OTHOHieHHHMH CTOpOH R\ — R2 — 
i?3 = 1, i?4 = -R5 = 3 Tax, KaK noKa3aHO Ha pncyHKe 4 cjieBa. HaftflHTe OTHonieHHe ctopoh 6ojibuioro 
npHMoyrojibHHKa. 
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Phc. 4. Pa3pe3aHHe npHMoyrojiBHHKa Ha 5 npHMoyrojiBHHKOB 

IIocMOTpHM, hto JxaeT ajiropHTM raycca-JKop/xaHa b o6m;eM cjiynae. Bo3mo:>khbi /TBa cjryHas. 

IJepeuu CAyuau. Bo3mo>kho (xax b pa3o6paHHOM npHMepe), hto nawcdym Heii3BecTHyio mm 
BBi6pajiH Ha KaxoM-To niare h BBipa3HjiH nepe3 ocTajiBHBie HeH3BecTHBie h KoscpcpHnneHTBi ypaB- 
HeHHii. B 3tom cjiynae nojiyneHHaa Ha nocjie/XHeM niare cncTeMa onpe^ejiaeT eiTHHCTBeHHoe pe- 
nieHHe hcxojthoh chctcmbi. 3aM6THM, hto Ha Kaac^oM mare KoscpcpHuneHTBi ypaBHeHHii CHCTeMBi 
BBipaacaioTca nepe3 KOBcpcpHuiieHTBi ypaBHeHHii npe/iBiiryrneH (a 3HanHT, h hcxo^hoh) cncTeMbi c 
noMomBio onepan;HH cjiojKeHHH, BBiHHTaHHH, yMHOJKeHHa h flejieHHH. B nacTHocTH, sto o3HanaeT, 

HTO eCJIH BCe K03(p(pHH,HeHTBI HCXOJTHOH CHCTeMBi paHHOHajIBHBI, TO H ee peHieHHe COCTOHT H3 

pau;HOHajiBHBix nnceji. 

Bmopou CAyuau. Bo3mo>kho, hto HeKOTopBie HeH3BecTHbie mm He BBipaxcajiH hh Ha KaKOM 
niare ajiropHTMa. B stom cjiynae jj,jih Ka>K^;oro BBiGopa 3HaneHHH Taxnx HeH3BecTHBix ocTajiBHBie 

HaXCflHTCH H3 KOHeHHOH CHCTeMBi. TaKHM o6pa30M, HCXOJTHaH CHCTeMa HMeeT GeCKOHeHHO MHoro 

penieHHH. 

HanpHMep, ajiropHTM Taycca-JKop^aHa npHBo/iHT cncTeMy ypaBHeHHii 

Xi + x 2 = 0, x 1 + x 3 = 1; k BHfly x\ = —x 2 , x 3 = 1 + x 2 . 

IlpH 3tom HeH3BecTHyio x 2 mm "He ycnejin" BBipa3HTB nepe3 ocTajiBHBie. JXjis Ka>K^;oro nncjia t 
TpoflKa X\ = —t, x 2 = t, X3 = 1 + 1 HBjiaeTCH penieHHeM chctcmbi. 
Mbi nojiyHHjiH cjie/ryiorrryio TeopeMy: 

TeopeMa o pemeHHH CHCTeMbi. Hycmb cucmeMa AuneuHux ypaeneHuu c payuonaAbHUMU ko- 
acficfiuyueHmaMU uMeem eduHcmeeHHoe peiuenue. Tosda amo peuienue cocmoum U3 pavfliOHCWbHUX 
HuceA. 

PlTax, ,zijih ,n;oKa3aTejiBCTBa TeopeMBi JXena HaM ocTaeTCH noxasaTB, hto cncTeMa ypaBHeHHH, 
nocTpoeHHaH no ycjioBHHM ctbikobkh, HMeeT e/THHCTBeHHoe perneHHe. 3to mbi c/rejiaeM c noMo- 
utbio cpH3HHecKOH HHTepnpeTar^HH. 

3aflana 4. ^OKajKHTe, hto ecjin cncTeMa JiHHeiiHMX ypaBHeHHH HMeeT e/XHHCTBeHHoe penieHHe, to b 
3tom peuieHHH KajK^aa HeH3BecTHaa BbipajKaeTCH nepe3 KcracpcpHHHeHTbi ypaBHeHHii c nc-Mombio neTbipex 

apHCpMeTHHeCKHX fleiiCTBHH. 

$H3HHecKafl HHTepnpeTarj,Ha. 

HnTaTejiio, 3HaKOMOMy c (J)H3hkoh, nojiyneHHBie b npHMepax 1 h 2 BBipaaceHHa HanoMHHT cpop- 
MyjiBi jj,jih conpoTHBjieHHH n;eneH H3 nocjie^oBaTejiBHo h napajuiejiBHo coe/THHeHHBix pe3HCTopoB. 
JX&rum oGbHCHeHHe 3toh aHajiorHH; cm. pncyHOK 5a6B. 

Ilpe^cTaBHM ce6e npoBo/THrrryio sjieKTpHnecKHH tok TOHKyio npHMoyrojiBHyio njiacTHHKy, pa3- 
GnTyio Ha MeHBHine npaMoyrojiBHBie njiacTHHKH. BepraKajiBHBie ctopohbi njiacTHHKH coe^HHHM 
c nojiiocaMH GaTapeflKH. By^eM cHHTaTB, hto MeHBHine njiacTHHKH cTporo H30JiHpoBaHBi ^pyr 
ot flpyra b^ojib ropH30HTajiBHBix jihhhh pa3pe3a, ocyrj;ecTBjiflioni,HX pa36neHHe; b^ojib »ce Bep- 
THKajiBHBix jihhhh pa3pe3a njiacTHHKH cTBixyioTCH. Ka>Kjj;a5i MeHBHias njiacTHHKa 6yjj,eT nrpaTB 
pojiB pe3HCTopa. KaK H3BecTHo H3 cpH3HKH, ee conpoTHBjieHHe nponopn;HOHajiBHo OTHOHieHHIO 
jj;jihhbi k njiom,aflH nonepeHHoro ceneHHH, to ecTB, nponopii,HOHajiBHO othohichhio ctopoh MajieHB- 
koh n jiacTHHKH . 06rH,ee conpoTHBjieHHe nojiyneHHOH sjieKTpHHecKOH u;enH paBHO conpoTHBjieHHio 

60JIBHIOH njiaCTHHKH, TO eCTB, nponopHHOHajIBHOMy OTHOHieHHIO CTOpOH 60JIBHIOH n JiaCTHHKH . 
TeM CaMBIM, OTHOHieHHe CTOpOH 60JIBHIOH njiaCTHHKH MOJKHO BBipa3HTB Hepe3 OTHOHieHHH CTO- 

poH MajiBix njiacTHHOK, nojiB3yscB (popMyjioH jj;ji5i o6ni;ero conpoTHBjieHHH 3jieKTpHHecKOH u,enH. 
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Phc. 5. OH3HHecKa5i HHTepnpeTaHHa: 

Mbi oGtacHHjiH coBna^eHHe BBipaxceHHft b paccMOTpeHHbix npHMepax c (popMyjiaMH co- 
npoTHBjieHHH npocTeflniHx Heneft. O^HaKo Haine oGocHOBaHne Gbijio, hto Ha3BiBaeTca, "Ha cpH3H- 
necKOM ypoBHe cTporocTn". Tenept mbi coGnpaeMca ^aTB "MaTeMaraHecKH erporoe" o6ocHOBaHiie . 

,H,ji5i 3Toro nocTpoiiM MameMamuHecKym ModeAb sjieKTpniecKofi H,enH. HanoMHHM, hto spacfi 
- 3to HeKOTopoe MHOJKecTBo ToieK, Ha3BiBa6MBix eepiuuHdMU, coe^HHeHHBix MejK^y co6oh JIH- 
HiiJiMH, Ha3BiBaeMBiMH pe6paMU. Ha30BeM sjieKTpHHecKoii v ) em>}0 cb23hbih rpacp, KajK^oMy pe6py 
KOToporo conocTaBjieHO HeKOTopoe nojio>KHTejiBHoe hhcjio, h kohhbi oflHoro H3 pe6ep KOToporo 
OTMeieHBi 3HaKaMH "+" h "— ". Pe6po c oTMeneHHBiMH KOHH,aMH Ha30BeM 6amapeuKou, ocTajiB- 
HBie — pe3ucmopaMu. Hhcjio, conocTaBjieHHoe 6aTapeHKe, Ha30BeM uanpHMcenueM 6aTapeflKH, a 
HHCJia, conocTaBjieHHBie pe3HCTopaM, — hx conpomueAenuHMU. BepniHHBi rpacpa Ha30B6M kacm- 
MdMU, oTMeneHHBie kjicmmbi GaTapeftKH — noAootcumejibUbiM h ompuyameAbHUM noAwcaMU. 

IloKajKeM, Kax mojkho conocTaBHTB pa3pe3aHHio npaMoyrojiBHHKa Ha MeHBHine npaMoyrojiB- 
hhkh sjieKTpHHecKyio n,enB (xax MaTeMaTHnecKHH oGi-eicr); Ha pncyHKe 6 npHBe^eH npHMep. 



+ 





^4 
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Phc. 6. IIocTpoeHHe sjieKTpHHecKon H,enH no pa3pe3aHHio 

Kaxflofi BepTHKajiBHofi jihhhh pa3pe3a h BepTHKajiBHBiM cTopoHaM GojiBHioro npjiMoyrojiBHHKa 
conocTaBjieHa KjieMMa sjieKTpHHecKofl Henn. KjieMMa jiokht Ha cooTBeTCTByioiHeM eft oTpe3Ke. 

Kaac^BiH MeHBHiHfl npsMoyrojiBHHK orpaHHHeH cjieBa h cnpaBa ^ByMH BepTHKajiBHBiMH OTpe3- 
KaMH. B 3jieKTpHHecKOH uenn ero H3o6p a>KeHHeM cjiy>KHT pe3HCTop, coe^HHaioiHHft ppe kjicmmbi. 
O^Ha H3 3thx KjieMM H3o6pa>KaeT jieByio cTopoHy MajieHBKoro npaMoyrojiBHHKa, a ^pyraa - 
npaByio. ConpoTHBjieHHe SToro pe3HCTopa nojiaraeTca hhcjichho paBHBiM OTHomeHHio CTopoH co- 
OTBeTCTByiomero npsiMoyrojiBHHKa. KjieMMBi, cooTBeTCTByioiHHe BepTHKajiBHBiM CTopoHaM pa3- 
pe3aeMoro npaMoyrojiBHHKa, coe^HHiHOTca c pa3HBiMH nojuocaMH 6aTapeftKH (Ha pncyHKe 6 caMa 
6aTapeftKa He H3o6pa>KeHa) . HanpajKeHHe 6aTapeftKH nojiaraeTcs hhcjichho paBHBiM fljiHHe ropn- 
30HTajiBHOH ctopohbi pa3pe3aeMoro npaMoyrojiBHHKa. 
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HyjKHaa hbm sjieKTpHnecKas: u,enB nocTpoeHa. BHHMaTejiBHBift HHTaTejiB 3aMeTHT, hto no- 
cTpoeHHas uenB aKeueaAeumua Henn, onpe^ejieHHoii paHee c noMouiBio pa3pe3aHHH npoBo/iHiiTeft 

njiaCTHHKH. 

KaK CHHTaTb conpoTHBJieHHe ajieicrpHHecKOH u,enH b . 

Tenept. oGt-hchhm, hto Taxoe conpomueAeuue sjieKrpHHecKoft n,enH h KaK ero mojkho nocHH- 
TaTb. Mm paccMaTpuBaeM jihhib njiocKHe 3jieKrpHHecKHe n,enH, xoth paccMaTpHBaeMBift MeTo/i, 
nepeHocHTca c He6ojiBHiHMH H3MeHeHHHMH Ha oGnnift cjiynaft. 

HeMHoro noroBopuM o cpH3HKe npoHcxo/iHHiero. HanoMHHM, hto conpoTHBJieHHe pe3HCTopa - 
3to xapaKTepucTHKa caMoro pe3HCTopa, He 3aBHCHmafl ot iienH, b KOTopyio oh noiiKjiioHeH. Mbi 
CHHTaeM GaTapeflKy H^eajiBHofi, to ecTb o6jia/i;aioiii;eft HyjieBBiM BHyTpeHHHM conpoTHBjieHHeM. B 
3tom cjiynae HanpaxceHHe GaTapeftKH TaKace He 3aBHCHT ot noiiKjiioHaeMoft u,enH. 

Kor^a H,enB, co/i,ep:>Kaiiiaii GaTapeftKy, 3aMBiKaeTCH, b Heft HanHHaeT tchb sjieKrpHHecKHft tok. 
Tok b Ka>KflOM pe3HCTope h GaTapeftKe xapaKTepH3yeTCH HanpaBjieHHeM h BejiHHHHoft (cuaou 
mono). Cnjia TOKa mojkct 6bitb h HyjieBoft. CyMMapHaa cnjia TOKa, npoTeKaiouiero nepe3 n;enb, 
nponopiiHOHajiBHa Hanp5DKeHHio 6aTapeftKH. ,ZIaHHoe cooTHonieHHe 6bijio otkpbito SKcnepHMeH- 
TajiBHo h H3BecTHo KaK 3cikoh Omci. BejiHHHHa, o6paTHaa KoscpcpHHiieHTy nponopn;HOHajibHocTH, 
Ha3biBaeTca conpomueAeuueM u,enH. Tok H3MepaeTCH b Aivrnepax, Hanpa>KeHHe — b BojibTax, a 
conpoTHBJieHHe — b OMax. 

H3 niKojiBHoro Kypca <pH3HKH H3BecTHBi cjie/xyioiiiHe npaBHjia BBiHHCjieHHH o6uiero conpoTHB- 
jieHHH (cpaBHHTe hx c npHMepaMH 1 h 2). 

IIpHMep 1'. riycTB jjBa pe3HCTopa R\ h R 2 coe/xiiHeHBi nocAedoeameAbuo (cm. hhsohoio nacTB 
pncyHKa 5a). Torjxa conpoTHBJieHHe nojiyneHHoft uenH paBHO R\ + R 2 - 

IIpHMep 2'. riycTB jjBa pe3HCTopa R\ h R2 coe/XHHeHBi napaAAeAbuo (cm. hhjkhioio nacTB pn- 
cyHKa 56). Torjj;a conpoTHBJieHHe nojiyneHHoft iienH BBiHHCJiaeTca no cpopMyjie ^]^ 2 ■ 

He jnoGaH sjieKTpnnecKaH uenB "cbojxhtch" k nocjiejj;oBaTejibHo h napajiJiejiBHo coe/iHHeHHBiM 
pe3HCTopaM (HanpHMep, cm. hhjkhioio nacTB pncyHKa 5b). rioKajKeM Ha npHMepe pncyHKa 6, KaK 
HCKaTB conpoTHBJieHHe "njiocKoft" n;enH b o6meM cjiynae. ConpoTHBjieHHn Bcex pe3HCTopoB b H,enH 
CHHTaeM paBHBiM 1 Om, HanpHJKeHHe GaTapeftKH — paBHBiM 1 Bojibt. 

BepHeMCH k Hanieft MaTeMaTHnecKoft MOJi,ejiH. 3aHyMepyeM pe6pa rpacpa, KaK noKa3aHo Ha pn- 
cyHKe 6. IIpoH3BOjiBHBiM o6pa30M BBi6epeM ojxho H3 a b Y x HanpaBjieHHft Ha Ka>Kji;oM pe3HCTope; 
fljia onpeji;ejieHHocTH, BBi6epeM HanpaBjieHHe cjieBa HanpaBo. Ha GaTapeftKe BBi6epeM HanpaB- 
jieHHe ot oTpHii;aTejiBHoro nojiioca k nojio>KHTejiBHOMy 7 . ^jih Hac cuAa moKa nepe3 pe3HCTop k 
- 3to HeKOTopoe ji^eftcTBHTejiBHoe HHCjio Ik, conocTaBjieHHoe pe3HCTopy (oho MeHaeT 3HaK npn 
cMeHe BBi6paHHoro HanpaBjieHHH pe3HCTopa Ha npoTHBonojioacHoe) . CuAa mono, nepe3 6aTapeft- 
Ky — 3to HeKOTopoe j^eftcTBHTejiBHoe HHCjio I. HanpsiMcenue Ha pe3HCTope — bto npoH3Be,aeHHe 
cHjiBi TOKa Ha conpoTHBJieHHe. ConpomueAeuue nenn — bto oTHonieHHe HanpnjKeHHH 6aTapeftKH 
k cHjie TOKa nepe3 Hee. Chjibi TOKa onpe/i;ejiHioTCH cjie/xyroinHMH aKCHOMaMH : 

IlepBoe npaBHJio Knpxrocpa. B naotcdou kacmmc cyMMa exodnu^ux moKoe paeua cyMMe eu- 
xodsimxix. 

nojiynaeM ypaBHeHHH: I = I 2 + I 3 + I 8j I 3 = I 1 + J 4 , J 6 + I 8 = J 7 , I x + J 2 = J 5 + J 6 , J 4 + J 5 = I 9 . 

Ha30BeM KOHuiypoM i^enoHKy pe3HCTopoB, nojiynaioHtyiocH npn o6xo;i;e npoTHB nacoBoft CTpeji- 
kh rpaHHii,bi jiioGoft nacTH, Ha KOTopBie n;enB ji;ejiHT njiocKocTb. 

BTopoe npaBHJio Knpxrocpa. JJjui ak>6o2o Konmypa aAzeBpaunecKafi cyMMa HanpnotceHuu 
na pe3Ucmopax paeua aAzeBpauuecKou cyMMe HanpHMcenuu na Bamapeunax, nonaemux e koh- 
myp.ITpu amoM HanpnotceHue na pe3Ucmope uau 6amapeilKe ; nonaemeu e Konmyp, BepemcR co 
3HanoM ecAU euBpannoe nanpaeAenue na pe3ucmope uau damapeune coenadaem c uanpae- 
AeuueM o6xoda Koumypa, u co 3uanoM ecAU amu uanpaeAeuusi npomueonoAOOtcuu. 

6 Ha 3Ty TeMy cm. TaK»ce CTaTM A. BapjiaMOBa "IIpaBHjia Kiipxrocpa", O. JIhihko "IIoHeMy He yMeHbiimTCH 
conpoTHBJieHHe" b KBaHTe N 2 1 (1985) h h,hkjibi 3a,n,aH: M. ITpacojiOB, M. Ckohchkob, B. OpeHKHH, "HHBapnaHTbi 
MHOroyrojibHHKOB", http://www.turgor.rU/lktg/2007/l/index.php, J\. BapaHOB, M. CKOneHKOB, A. Ycthhob, 
"CnyHaHHbie 6jiy>KJiaHHH h sjieKTpHHecKHe H,enH", http : //olympiads .mccme . ru/lktg/2010/4/index. htm, npejj,- 
CTaBjieHHBix Ha JleTHHx KOHcpepeHHHHx TypHHpa ropojj,OB. 

7 3to MO>KeT CMyTHTb HHTaTejia, 3HaK3m,ero, hto "tok b uenn Hjj,eT ot njiioca k MHHycy". Tok b v,enu jichctbh- 
TejibHO Hjj,eT b 3tom HanpaBjieHHii, a bot b caMoit 6amapeuKe — Hao6opoT 



PA3PE3AHH5I METAJIJIHHECKOrO nPaMOyrOJIbHHKA 
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iTojiynaeM: J3+/4 + /9 = 1, h ~h ~ h = 0, /1 + /3 - h = 0, h + h ~h ~h = 0, h + h~h = 0- 
0Ka3t»iBaeTca, BL.inHcaHHt.ix ypaBHeHHii Bcer^a 6ya;eT jrocTaTOHHo, hto6bi Hafirn Bee chjibi Toxa 
(a cjie^oBaTejiBHO, h o6niee conpoTHBjieHHe irenn): 

TeopeMa e^HHCTBeHHOcra. CucmeMa ypaeneHuu, nocmpoennasi no npaeuAaM Kupxzoaia, e 
Komopou cujiu mom — neu3eecmnue, a nanpaotcenue 6amapeuKu u conpomueAenun pe3ucmopoe 
u36ecmHU, uMeem eduncmeennoe pemenue. 

^OKa3aTejit.CTBO. ilpe/rnojioiKHM, hto npn jranHBix Hanpa>KeHHH GaTapeiiKH, conpoTHBjieHn- 
hx h BBiGpaHHBix HanpaBjieHnnx pe3HCTopoB cHCTeMa ypaBHeHHii Knpxrocpa HMeeT flBa pa3Jinn- 

HBIX peHieHHH. PaCCMOTpHM pa3HOCTB 3THX peHieHHH (TO eCTB nOJIOJKHM CHJiy TOKa Ha KaJK^OM 
pe3HCTOpe paBHOH pa3HOCTH COOTBeTCTByiOIIIHX CHJI TOKa flJTH 3THX peineHHli). JleTKO BHJTeTB, HTO 

pa3HOCTb penieHHH ynpBjieTBopneT npaBHjiaM Knpxrocpa fljia uenn, b KOTopoii pe3HCTopBi hmciot 
Taxne ace conpoTHBjieHHH, KaK h b hcxojthoh nenn, a HanpnxceHHe GaTapeflKH paBHO Hyjiio. 

/locTaTOHHo noKa3aTB, hto ecjiH HanpnaceHHe 6aTapeiiKH paBHO Hyjiio, to CHCTeMa ypaBHe- 
HHii Knpxrocpa HMeeT tojibko HyjieBoe perneHne (to ecTb, npn HyjieBOM Hanpn>KeHHH TOKa HeT 8 ). 
IIpe^nojiojKHM, hto HeHyjieBoe penieHHe ecTB. BBi6epeM Ha KaacflOM pe3HCTope c HeHyjieBofi ch- 
jioh TOKa HOBoe HanpaBjieHHe Tax, HToGbi cnjia TOKa (b hobom BBi6paHHOM HanpaBjieHnn) cTajia 

nOJIOJKHTejIBHOH . 

PaccMOTpHM npoH3BOjiBHBiH pe3HCTop c HeHyjieBofi cnjioii TOKa. ByzreM JTBHraTBcn no HeMy b 
BBi6paHHOM HanpaBjieHHH. Mbi nona^eM b HeKOTopyio KjieMMy n,enn. B Hee bxojtht HeHyjieBofi 
tok no pe3HCTopy, no KOTopoMy mbi b Hee npHnijin. CyMMa bxojthiiihx tokob paBHa cyMMe bbi- 
xojthiiihx, 3HannT, HaftfleTCH jrpyroii pe3HCTop, no KOTopoMy HeHyjieBofi tok bbixojtht H3 flaimoft 
KjieMMBi. npo^oji>KHM jTBHxceHne no 3TOMy HOBOMy pe3HCTopy b BBiGpaHHOM Ha HeM HanpaBjie- 
hhh. npojj;ojiJKaH TaKHM o6pa30M, b KOHH,e kohh,ob mbi nojiynHM iihkji, He coflepacaniHii SaTapefiKy, 
Ha Ka>K^;oM pe3HCTope KOToporo HanpnaceHHe nojioacHTejiBHo. Ho 3aflane 6 nojiynaeM nporaBo- 
penne co BTopBiM npaBHjioM Knpxrocpa. CjiejxpBaTejiBHo, CHCTeMa ypaBHeHHii, nocTpoeHHaa no 
npaBHjiaM Knpxrocpa, HMeeT e/xnHCTBeHHoe penieHHe. 

Onpe/i,ejieHHe. IloTeHiniajioM KjieMMBi Ha3BiBaeTCfl BejiHHHHa, paBHaa cyMMe HanpajKeHHii Ha Bcex pe- 
3HCTopax HeKOToporo nyTH, coejjHHHiomero nojiojKHTejiBHBiii nojnoc 6aTapeftKH c flaHHoii KjieMMoli. 
3aflana 5. ^OKaxcHTe, hto noTeHiniaji KjieMMBi He 3aBHCHT ot Bbi6opa nyTH. 

3aflana 6. JJpK&maTe, hto ecjin bo BTopoM npaBHjie Knpxrocpa "jho6oh KOHTyp" 3aMeHHTb Ha "jho6oh 
3aMKHyTbifi nyTb b rpacpe", to mbi nojiynHM cncTeMy ypaBHeHHii, SKBHBajieHTHyio hcxojihoh. 
3aflana 7. IlycTB H3 nepBoft sjieKTpHHecKoii Henn bbi6pochjih HeKOTopBiii pe3HCTop, a H3 BTopoft Henn 
bbi6pochjih 6aTapeiiKy h coejiHHHjiH Henn no ocboGojihbihhmch KjieMMaM. IIpejiiiojiojKHM, hto conpo- 
THBjieHHe BBi6ponieHHoro pe3HCTopa coBnajiaeT c o6ihhm conpoTHBjieHHeM BTopoft Henn. ^J,OKa>KHTe, hto 
nocjie flaHHoft onepan,HH b ocTaBuieiicH nacTH nepBoii Henn tokh He H3MeHHjiHCB, h o6mee conpoTHBjieHHe 
nepBoii Henn ocTajiocB npejKHHM. 

CjieflCTBHe. ConpomueAenue aw6ou v,enu noAOomumeAbHO 9 . 

^OKa3aTejibCTBO. 3aMeTHM, hto conpoTHBjieHHe nenn He mojkbt 6bitb paBHO Hyjno no CBoeMy onpe- 
flejieHHro (ecjin HanpajKeHHe 6aTapeHKH HeHyjieBoe). Ilpejj,nojioJKHM, hto conpoTHBjieHHe n,enH paBHO —R, 
r^e R > 0. CoejjHHHM nocjieflOBaTejibHO Hamy u;enb c pe3HCTopoM conpoTHBjieHHeM R. ConpoTHBjieHHe 
uenn CTaHeT paBHO Hyjno (no 3aflane 7). IlpoTHBopeHHe. Cjie^CTBHe jj,OKa3aHO. 

HnTaTejib, kohchho, 3aMeTnji, hto ^jih paccMaTpnBaeMoro npnMepa cncTeMa ypaBHeHHii, no- 
CTpoeHHan no npaBHjiaM Knpxrocpa, njreHTHHHa cncTeMe, nocTpoeHHoii paHee no ycjiOBHHM ctbi- 
kobkh. 3to npoHBjieHne o6m,en 3aKOHOMepHocTH. 

CBa3t. u,eneii c pa3pe3aHHaMH. 

Mbi conocTaBHjiH pa3pe3aHHio npnMoyrojibHHKa sjieKTpnnecKyio n;enb. LIoKaJKeM, hto cncTeMa 
ypaBHeHHii Ha j^jihhbi ctopoh npnMoyrojibHHKOB, nocTpoeHHan no ycjiOBHHM ctbikobkh ji,ji5i pa3- 
pe3aHHH, coBna^aeT c cncTeMoii ypaBHeHnn Ha chjibi TOKa, nocTpoeHHoii no npaBHjiaM Knpxrocpa 
fljis nenn. IIojiojkhm cnjiy TOKa Ha pe3HCTope nncjieHHo paBHoii BepTHKajiBHoii CTopoHe cooTBeT- 
cTByioniero pe3HCTopy npnMoyrojiBHHKa. Bbi6epeM HanpaBjieHHe TOKa b Ka>Kja;oM pe3HCTope ot 



3to, KOHenHO, OHeBH,n,HO H3 cjjHSHHecKHx coo6pa>KeHHH. Ho HaM Hy>KHO, hto6h HMeHHO cucmeMa ypaeneHuu 
Kupxgoifia HMejia TOjibKO HyjieBoe penieHHe. OTcyTCTBue y Hee "nocTopoHHiix" HeHyjieBbix penieHHH hh h3 KaKnx 
npocTbix cpHSHHecKHx coo6pa»ceHHii He cjie,n,yeT h Hy>KHO ,u,OKa3biBaTb. 

9 3to yTBepjK,n,eHHe He cjie,a,yeT HanpaMyro H3 Harnero onpe,n,ejieHHH conpoTHBjieHHH uenn, Tax KaK cnjie TOKa I 
Hepe3 6aTapeiiKy paapeinaeTCH a priori npnHHMaTb OTpHH,aTejibHbie SHaneHHH. 
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KjieMMM, cooTBeTCTByiomeii jieBoft cTopoHe npHMoyrojibHHKa, k KjieMMe, conocTaBjieHHoft npaBoil 
CTopoHe Toro JKe npsMoyrojiBHHKa. 

PaccMOTpHM nepBoe npaBHjio Knpxrocpa. 3acpHKcnpyeM BepTHKajiBHBiii pa3pe3 h cooTBeTCTBy- 
loinnH eMy y3eji. CorjiacHo BBi6p aHHoii op HeHTannn tokob, Bxo^rHirrHe b y3eji tokh cooTBeTCTByioT 
upHMoyrojiBHHKaM, npHMBiKaiomHM k pa3pe3y cjieBa, a BBixo^Hirriie H3 y3Jia — npHMoyrojiBHH- 
KaM cnpaBa. 3HaHHT, nepBoe npaBHjio Knpxrocpa b stom y3Jie ^jih tokob coBna^aeT c npaBHjioM 
BepTHKajibHoii ctbikobkh b cooTBeTCTByiomeM BepTHKajiBHOM pa3pe3e. 

PaccMOTpHM BTopoe npaBHjio Knpxrocpa. HanpnjKeHHe Ha pe3HCTope no onpe,nejieHHio — npo- 
H3Be^eHHe chjibi TOKa Ha conpoTHBjieHHe . HanoMHHM, hto conpoTHBjieHHe pe3HCTopa b rrenn mbi 

nOJIOJKHJIH HHCJieHHO paBHBIM OTHOHieHHK) ropH30HTajIBHOH H BepTHKajIbHOH CTOpOH COOTBeTCTBy- 

lomero npHMoyrojibHHKa. 3HaHHT, HanpHJKeHHe Ha pe3Hcrope hhcjichho paBHO fljiHHe ropH30H- 
TajiBHofl ctopohbi cooTBeTCTByiorrrero pe3HCTopy npHMoyrojiBHHKa. 

Bo3BMeM J11060H KOHTyp b HameS uenH. CaMBift jieBBiii y3eji stoh irenn (o6o3HanHM ero m) 
cooTBeTCTByeT HexoTopoMy BepTHKajiBHOMy pa3pe3y. K 3TOMy pa3pe3y npHMBixaioT cnpaBa flBa 
npHMoyrojibHHKa (cKaxceM, A n B), conpHKacaioiirHecH ropH30HTajiBHBiMH cropoHaMH — Te flBa 
npHMoyrojibHHKa, KOTopBie cooTBeTCTByioT bbixo^hh];hm H3 y3Jia m ppyM pe3HCTopaM KOHTypa. 
ropH30HTajiBHBiii pa3pe3 h, no KOTopoMy npnMBiKaioT ^pyr k ppyry An B, npo^ojiacaeTCH BnpaBo 
h b KaxoM-To MecTe BnepBBie BCTpenaeT eme o^hh BepTHKajiBHBift pa3pe3 v (nepeceKaioriiHH h). 
BepxHHH nacTB Haniero KOHTypa Tor^a cooTBeTCTByeT npsiMoyrojiBHHKaM , npHMBiKaioiHHM k h 
CBepxy, a hhjkhhh — npHMoyrojiBHHKaM, npHMBiKaioirrHM k h CHH3y; sth nacTH coMKHyTCH b y3Jie, 
OTBenaiomeM pa3pe3y v. 

Tor^a BTopoe npaBHjio Knpxrocpa 03HanaeT npocTO, hto cyMMBi ,zijihh ropn30HTajiBHBix CTopoH 
Tex npHMoyrojiBHHKOB, KOTopBie npnMBiKaioT k pa3pe3y h CBepxy, n Tex, KOTopBie npnMBiKaioT 

CHH3y, O^HHaKOBBI — 9TO B TOHHOCTH yCJIOBHe ropH30HTajIBHOH CTblKOBKH. 

HraK, npaBHjia Knpxrocpa coBna^aioT c ycjioBHHMH ctbikobkh. 

Mbi totobbi ,noKa3aTB TeopeMy ,H,eHa. IlycTB npHMoyrojibHHK pa3pe3aH Ha KBa^paTBi. ByneM 
CHHTaTB ero ropH30HTajiBHyio CTopoHy paBHofl 1. PaccMOTpHM sjieKTpHHecKyio rrenB, cooTBeT- 
CTByiorrryio STOMy pa3pe3aHHio. Ho TeopeMe e^HHCTBeHHOCTH CHCTeMa ypaBHeHHft, nocTpoemiaH 
no npaBHjiaM Knpxrocpa ^jih Hee, HMeeT e^HHCTBeHHoe perneHHe. Ho TeopeMe o perneHHH cncTe- 
mbi 9to perneHHe coctoht H3 paHHOHajiBHBix HHceji. B nacTHocTH, BejiHHHHa TOKa nepe3 hctohhhk 
pan;HOHajiBHa. 3Ta BejiHHHHa hhcjichho paBHa BepTHKajibHoii CTopoHe npsiMoyrojiBHHKa. TeopeMa 
Jiena ,noKa3aHa. 

O OopMyjiax ajih conpoTHBJieHHH u,enn. 

ripiiMepbi l' h 2' — nacTHbie cjiynan cpopMyji conpoTHBJieHHH Henn. IloKajKeM, tto noflo6Hyio 
cpopMyjiy mojkho 3anncaTb jj;jih npoH3BOJiBHoft Hemi. 

TeopeMa cymecTBOBaHHa. CucmeMa ypaeneHuu Kupxzocfia uMeem pemenue. 

fioKasameJibcmeo. 3aMeTHM, tto ecjin cjiojkhtb Bee ypaBHeHHH H3 nepBoro npaBHjia Knpxrocpa, to 
nojiyHHTCH ypaBHeHHe = 0. ,ZI,eftcTBHTejiBHO , KajK/TBift tok BCTpenaeTCH b flByx ypaBHeHHHX, b oflHOM 

- KaK BXOiXHHIHft, a B flpyrOM — KaK BBIXOJXHriHlft, nOSTOMy B CyMMe KaJKflBlft TOK COKpaTHTCH. 3HaTHT, 

o^;ho H3 3thx ypaBHeHHH cjie^yeT H3 ocTajibHbix. Bbi6pocHM ero. 

llpHMeHHM k rpacpy Harneli ri;enH cpopMyjiy Sftjiepa: thcjio BepniHH MHHyc hhcjio pe6ep njiioc hhcjio 
rpaHeft paBHO flByM. Hhcjio pe6ep rpacpa paBHO THCjiy pe3HCTopoB, to ecTb paBHO THCjiy HeH3BecTHbix 
b Harneft cncTeMe. Hhcjio BepniHH rpacpa paBHO nncjiy KjieMM, to ecTb Ha 1 6ojibrne nncjia ypaBHeHHH 
H3 nepBoro npaBHjia Knpxrocpa (He CHHTaa to ypaBHeHHe, KOTopoe mbi bbi6pochjih) . Hhcjio rpaHeft Ha 
1 6ojibrne THCjia KOHTypoB, to ecTb Ha 1 6ojibrne HHCjia ypaBHeHHft H3 BToporo npaBHjia Knpxrocpa. 
IlojiyHaeM, tto KOjinnecTBO ypaBHeHHft b Harneft cncTeMe paBHO KOJinnecTBy HeH3BecTHBix. 

ypaBHeHHH Knpxrocpa — jiHHeftHbie, 3HaHHT, mojkcm npHMeHHTB ajiropnTM Taycca->KopflaHa. Corjiac- 
ho aHajiH3y ajiropHTMa b o6ni,eM cjiynae HaM Hy>KHO hckjiiohhtb noHBjieHHe ypaBHeHHH c HyjieBoft jieBoft 
nacTBio h HeHyjieBoft npaBoft. 

IlojiojKHM CHanajia HanpHJKeHHe 6aTapeftKH paBHBIM Hyjuo. Tor^a npaBbie nacTH Bcex ypaBHeHHft 6y- 
flyT paBHBi Hyjuo, h b 3tom cjiynae CHCTeMa HMeeT e^HHCTBeHHoe perneHHe (HyjieBoe). 3HaTHT, pe3yjibTaT 
pa6oTBi ajiropHTMa - sto CHCTeMa ypaBHeHHft, Ka>K/i,oe H3 kotopbix yTBepjK^aeT, hto HeKOTopan HeH3- 
BecTHaH paBHa Hyjuo. 3HaTHT Ha Kanc^oM inare HHKaKoe ypaBHeHHe He npHHHMajio bh^ = 0, noTOMy 
tto HHane mbi 6bi ero BbiKHHyjin, h hhcjio ypaBHeHHft yMeHBHiHjiocb. 

Tenepb nycTb HanpajKeHHe npoH3BOjibHO. Tor^a Ha Kanc^oM niare e^HHCTBeHHbiM OTjinnneM 6yn;eT to, 
hto npaBbie nacTH MoryT coflepncaTb o6ni,ee HanpnjKeHHe c HeKOTopbiM KoscpcpHHHeHTOM, h b KOHii;e mbi 
nojiynaeM HCKOMBie BBipajKeHHH fljia HeH3BecTHBix chji TOKa. TeopeMa cyra,ecTBOBaHHH flOKa3aHa. 
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Cjieflyiomaa TeopeMa cjie^yeT H3 TeopeM cymecTBOBaHHa, e^HHCTBeHHOCTH h 3a,n,aHH 4: 

TeopeMa o conpoTHBJieHHH u,enH. I7ycrm> v,en-b cocmoum U3 pe3Ucmopoe u odnou 6amapeuKU. Tozda 
cymecmeyem cfiopMyna, e Komopou yuacmeymm moAt>KO onepav^uu CAOwcenuH, euuumaHun, yMHOMcenusi 
u denenun, eupaMcawv^an conpomueneHue v,enu uepe3 conpomuejieHUR omdejiwux pe3ucmopoe. 

Hhbimh cjioBaMH, conpoTHBjieHiie ijeira ecTb OTHOineHiie MHoronjieHOB c uejibiMH KoscpcpHinieHTaMH ot 

COnpOTHBJieHHH OTflejIbHblX pe3HCTOpOB. 

3a/i,aHa 8. Ilonpo6yHTe /j;oKa3aTb, hto Ka»c,n,aH njiocKaa sjieKTpuHecitaa n;eiib, b KOTopoft nepe3 Bee 
pe3HCTopbi TeneT HeHyneBoft tok, h b jik>6oh rpaHH HeT KjieMM c oflHHaKOBbiM noTeHiniajiOM, nojiyna- 
eTCH H3 HeKOToporo pa3pe3aHHH npHMoyrojiBHHKa (yKa3aHHbiM b nyHKTe "<I?H3HHecKaH iiHTepnpeTai^HH" 
cnoco6oM) . 

HACTb II. Pa3pe3aHHa KBa,n,paTa Ha no,a,o6Hi>ie npsiMoy ro jibhhkh . 

IlonbiTaeMCJi TenepB Haft™ otbct Ha BTopoft Bonpoc, ccpopMyjiHpoBaHHBift b Hanajie cTaTBH. C 
yneTOM corjianieHna, c^ejiaHHoro nepejj, npuMep &mh 1-3, oh 3ByHHT Tax: npu kclkom R neadpam 
mochcho pa3pe3amt> na npHMoysoAbHUKU c omnoiueHUHMU cmopon R u -^? 

5Icho, hto npn pauiioHajiBHOM R sto c/oejiaTB mojkho (npH/xyMaftTe, Rax). IIo aHajiorHH c Teope- 
moh J\en& mojkho 6bijio 6bi npe^;nojio>KHTb, hto npn HppaHHOHajiBHOM R Tpe6yeMoro pa3pe3aHHH 
He cymecTByeT. O/XHaKo 3jj;ecB cHTyainui cjK»KHee. 

IIpHMep 4. PaccMOTpHM pa3pe3aHHe KBa^paTa, H3o6paaceHHoe Ha pncyHKe 7. Haft^eM oTHorne- 
HHe ctopoh R npaMoyrojiBHHKOB pa3pe3aHHH. IlycTB cTopoHa KBa/xpaTa paBHa 1. Tor/j;a nocjie^o- 
BaTejiBHo Haxo^HM AB = 1/3, AC = R/3, CD = 1 — R/3, DE = R — R 2 /3. C /xpyroft ctopohbi, 
DE = 1/2, 3HaHHT, R — R 2 /3 = 1/2. Peinaa: KBa/xpaTHoe ypaBHeHHe, Haxo/iHM R = (3± \/3)/2 - 
HppauHOHajiBHoe hhcjio. 



D 

C 



E 



A 



B 



Phc. 7. Pa3pe3aHHe KBa/xpaTa Ha 5 no/io6HBix npsiMoyrojiBHHKOB 

Cjie/jyioiiiaH TeopeMa orpamiHHBaeT MHOJKecTBO HHceji R, jijih KOTopbix bo3mo>kho Tpe6yeMoe 
pa3pe3aHHe. 

TeopeMa 1. TJycmt. Keadpam pa3pc3an na npsiMoyzoAbHUKu c omnomenucM cmopon R u j^. 
Tozda R — Kopewb nenyjieeozo mhozohachcl c v^caumu KosqiqiwuiieHmaMu. 

^OKaaceM 3Ty TeopeMy. PaccMOTpHM HeKOTopoe pa3pe3aHHe. PacTHHeM KapTHHKy b R pa3 no 

ropH30HTajIH. IIojiyHHM npjIMOyrOJTBHHK C OTHOHieHHeM CTOpOH R, pa3pe3aHHbifi Ha KBa^paTBI 

h npaMoyrojibHHKH c OTHOHieHHeM ctopoh R 2 . PaccMOTpHM cooTBeTCTByiomyio sjieicrpHHecKyio 
uenb. CorjiacHo TeopeMe o conpoTHBJieHHH uenn hhcjio R mojkho Bbipa3HTb nepe3 nncjia 1 h R 2 , 
nojibsyacb tojibko HeTbipbMH apncpMeTHHecKHMH ^eHCTBHHMH. 3to o3HanaeT, HTO Hafl^yTCS flBa 
HeHyjieBBix MHoronjieHa p(x) h q(x) c u;ejiBiMH K03(p(pHH,HeHTaMH, Taxne hto R = . 3HaHHT, 

q(R 2 ) ■ R— p(R 2 ) = 0. riojiynaeM, hto hhcjio R — KopeHb MHoronjieHa q(x 2 ) -x—p(x 2 ). IIocjieflHHH 
MHoroHjieH HMeeT uejibie K03(pcpHH,HeHTBi. Oh HeHyjieBoli, Tax kbr MHoronjieHBi p{x 2 ) h q(x 2 ) - 
HeHyjieBBie, npHHeM b MHoronjieH p(x 2 ) ■ x nepeMeHHaa x bxo^ht tojibko b HeneTHoli CTeneHH, a 
b MHoroHjieH q(x 2 ) — tojibko b HeTHoil. TeopeMa 1 /j,oKa3aHa. 

Ho 3Ta TeopeMa He jj;aeT nojiHoro oTBeTa Ha Bonpoc o tom, Kaxne othohichhs R bo3mo>khbi. 
Cym;ecTByioT nncjia R, HBjiHioHtHecH kophhmh MHoronjieHOB c i^cjibimh Kos(p(pHH,HeHTaMH, 
KOTopbix TpeGyeMoe pa3pe3aHHe HeB03Mo>KHo. 

3aflaHa 9. IloKa JKHTe , hto KBa^paT Hejib3H pa3pe3aTb Ha npHMoyrojibHHKii c OTHonieHHHMH CTopoH \f2 

-A- 

iIpHBejj;eM KjnoneBOH npHMep Taxoro nncjia. 



10 M. nPACOJIOB H M. CKOITEHKOB 

TeopeMa 2. Keadpam neAb3H pa.3pe3amb na npHMoyzoAbHUKU c omnovneHUHMU cmopon 1 + y/2 

JleMMa. JJycmb 1 + y/2 — Kopenb MnoeoHJiena c yeAUMu KOdcfigiuitfUeHmaMU. Toeda 1 — y/2 - 
mootce nopeub amoso mhozohachcl. 

flpKSuTKGM JieMMy. IIo^CTaBHB B Hani MHOrOHJieH P(x) C UejIMMH KOSCpCpHHHeHTaMH BMeCTO x 

hhcjio l + \/2, nojiy^HM Bbipa>KeHHe BHixa m+y/2n, rpp man — uejibie HHCJia. ,H,oji:>khm nojiyHHTb 
0, h Tax Kax y/2 HppairHOHajibHo, HMeeM n = h m = 0. Ecjih ace mm no^cTaBHM b P(x) BMecTo 
x hhcjio 1 — y/2, to nojiy^HM Bbipa>KeHHe m — y/2n (no^yMaliTe, noneMy). Tax Kax n = m = 0, 

TO CHOBa nOJiyHHM 0, H 3HaHHT P(x) HMeeT KOpHeM TaKJKe H HHCJIO 1 — y/2. 

Bot ,a;pyroe jj;oKa3aTejibCTBO jieMMbi. IlycTb P{1 + y/2) = 0, iyre P(x) — hckhh MHoronjieH c 
hbjimmh KoscpchHHiieHTaMH. 3aMeTHM, hto hhcjio 1 + y/2 HBjineTCH Taxace KopHeM MHoronjieHa 
(x — (1 + y/2)){x — (1 — y/2)) = x 2 — 2x — 1. Ilo^ejiHM MHoronjieH P(a;) Ha x 2 - 2i - 1 b ctojiGhk, 
nojiy^HM b ocTaTKe HeKHft MHoronjieH ax + b He Gojiee neM nepBofl cTeneHH c pairHOHajibHMMH 

KOSCpCpHHHeHTaMH: P(x) = Q(x)(x 2 — 2x — 1) + ax + 6. IIoflCTaBHM B 3TO paBeHCTBO x = 1 + y/2. 

IIojiyHHM, hto a(l + y/2) + 6 = 0, OTKyn;a, Tax xax 1 + y/2 HppairHOHajibHo, a = 0, a 3HanHT h 
6 = 0. IIo3TOMy P(x) ^ejiHTca Ha x 2 — 2x — 1, a 3HaHHT HMeeT KopHeM Tax>Ke h hhcjio 1 — \/2- 

^oKaaceM TeopeMy 2. IIpe^nojiojKHM, hto KBa/xpaT pa3pe3aH Ha npsMoyrojibHHKH c oTHorne- 
hh3mh ctopoh 1 + y/2 h PacTHHeM ero b 1 + y/2 pa3 no ropH30HTajiH. IIojiyHHM pa3pe3aHHe 

npHMoyrojibHHKa c oTHomeHHeM ctopoh 1 + y/2. PaccMOTpHM cooTBeTCTByioiiryio sjieicrpHHecKyio 
uenb. OHa coctoht H3 pe3HCTopoB conpoTHBjieHHeM 1 h (1 + a/2) 2 , h HMeeT conpoTHBjieHHe l + y/2. 
CorjiacHO TeopeMe o conpoTHBjieHHH H,enH, HaiLnyTCH Tanne MHoronjieHM p(x) h q(x) c uejiMMH 

K03(p(pHH,HeHTaMH, htoI + 72 = ^W^) • 3n&HKT, g((l + y/2) 2 ) ■ (1 + y/2) -p((l + y/2) 2 ) = 0. Co- 



rjiacHo npe^bi^ymeH jieMMe, q((l — y/2) 2 )-(l — y/2)—p((l — y/2) 2 ) = 0, to ecTb ^\ 2 \ = 1 — V^- 

SaMeHHM Tenepb b HaineS n;enH Bce pe3HCTopbi conpoTHBjieHHeM (1 + y/2) 2 Ha pe3HCTopbi 

conpoTHBjieHHeM (1 — y/2) 2 . ConpoTHBjieHHe nojiyneHHoii n;enH paBHO ^||~^ 2 j ■ no ^,OKa3aHHO- 

My Bbime, 3to hhcjio paBHO 1 — y/2. Mm nojiyHHjiH, hto conpoTHBjieHHe n;enH H3 pe3HCTopoB c 
nojioJKHTejibHbiMH conpoTHBjieHHHMH OTpHii;aTe jibHO . 3to npoTHBopenHT cjie^CTBHio H3 TeopeMe 
ejxHHCTBeHHocTH. 3HaHHT, TpeGyeMoe pa3pe3aHHe HeB03Mo>KHo. TeopeMa 2 ^oxasaHa. 

Tenepb mm b o^hom mare ot oTBeTa Ha BTopoli Bonpoc, nocTaBjieHHbiii b Hanajie cTaTbH. IIo- 
cmotphm BHHMaTejibHo Ha Hame nocjie^Hee paccyac^eHHe. IIpoTHBopeHHe bo3hhkjio H3-3a toto, 
hto hhcjio 1 — y/2, aAee6paunecKU conpnotceHHoe nncjiy R = 1 + y/2, OTpHii;aTejibHO. (Hhcjio 
z Ha3MBaeTCH aAdeBpauuecnu conpnoiceHHUM nncjiy R, ecjin oho HBjiaeTCH KopHeM MHoronjieHa 
MHHHMajibHOH CTeneHH c i^ejiMMH K03(p(pHii;HeHTaMH, HMeioni;ero KopeHb R.) 3to — npoHBjieHHe 
cjieflyiomen o6m;eH 3aKOHOMepHOCTH: 

TeopeMa JTacKOBHia — Phhh& — CeKepema — OpaftjiHHra (1994) 10 . JJasi uucAa R > cjiedy- 
mv^ue mpu ycAoeun 3KeueaAeHmHu: 

1 ) Keadpam mochcho pa3pe3amb na npsiMoydOAbHUKu c omnomeHueM cmopon R u . 

2) /[ah nenomopux noAootcumeAbnux paupionaAbuux hucca ci eunoAneno paeencmeo 

1 

cii? + = 1. 

c 2 R+ 



1 

c 3 R + ■ ■ ■ + 



c n R 

3) Hucao R fieAfiemcfi KopneM nenyAeeoso MHOdOHAena c yeAUMu KosaiaiuuueHmaMu, npuneM 
ece KOMHAeKcnue uucAa, aAseBpaunecnu conpnotceHHue nucAy R, uMemm noAOOKumeAbnym deu- 
cmeumeAbHym nacmb. 

^oxasaTejibCTBo stoh TeopeMM bmxo^ht 3a paMKH HacToninen CTaTbH. Otmcthm TOJibKo, hto 
ee mojkho ^;oKa3aTb b n;ejioM aHajiornnHo TeopeMe 2 Bbime, Hcnojib3ys n;enH nepeMeHHOdo Toxa 11 . 

10 Freiling C, Rinne D., Tiling a square with similar rectangles, Math. Res. Lett. 1 (1994), 547-558; Laszkovich 
M., Szekeres G., Tiling of the square with similar rectangles, Discr. Comp. Geometry 13 (1995), 569-572. 

M. Prasolov, M. Skopenkov, Tiling by rectangles and alternating current, J. Combin. Theory Ser. A (2011), 
doi:10.1016/j.jcta.2010. 11.012. 
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B 3aKjiK)HeHHe npHBe^eM em;e HecKOJibKo 3a^aH. 
3aflana 10 12 . IIpHMoyrojibHHK pa3pe3aH Ha HecKOJibKo npHMoyrojibHHKOB, y KajK^oro H3 kotopmx /ynma 
xoth 6bi oflHoit CTopoHM — Hejioe hhcjio. JHf>Ka3&Tb, hto h y HcxoflHoro npHMoyrojibHHKa /yiHHa xoth 6bi 
oflHoii cTopoHbi — ijejioe hhcjio. 

3aflana ll 13 . IlycTb A n B — ppa npHMoyrojibHHKa. H3 npHMoyro jibhhkob , paBHbix A, cjiojkhjih npa- 
MoyroJibHHK, noflo6Hbili B. JJpKaxwre, hto H3 npHMoyro JibHHKOB , paBHbix B, mojkho cjiojkhtb npHMO- 
yrojibHHK, noflo6Hbiit A. 

3aflaHa 12 14 . HaftjjHTe Heo6xo,n,HMbie h /j;ocTaTOHHbie ycjioBHH, kotopbim flonjKHbi ya,oBjieTBopHTb nncjia 
a, 6, c, c£, hto6bi npHMoyrojibHHK a x b mojkho 6bijio pa3pe3aTb Ha HecKOJibKo npsMoyrojiBHHKOB c x d. 
3aflana 13 la . Mojkho jih Ky6 pa3pe3aTb Ha HecKOJibKo nonapHo-pa3JiHHHbix Ky6nKOB? 

Bjiaro/japHOcra. Abtopbi 6jiaro^;apHM Cepreio ^opiiHeHKo 3a MHoroHncjiemiBie nojie3HBie 
o6cy>K^;eHH5i b Teneiffle nocjieflirax jieT. Abtopbi TaKxce 6jiaroflapHt>i EBreHHio BBipo^oBy, Cepreio 
MapxejiOBy, EBreHHio MornjieBCKOMy, Bjia^HMupy IlpoTacoBy, AjiexcaH^py IlpoxopoBy h Bopiicy 
OpeHKHHy 3a permBie 3aMeHaHHH. 
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E-mail address: 0x00002a@gmail.com 
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12 S. Wagon, Fourteen proofs of a result about tiling a rectangle, Amer. Math. Monthly 94:7 (1987). 
13 A. IHanoBajiOB, XXVI Typmrp Fopo/jOB. 

14 A. Kojiotob, 06 ojthom pa36neHiiH npaMoyrojiBHHKa, KBaHT N 2 1 (1973), http : //kvant .mccme . ru/ 1973/01/ 
ob_odnom_razbienii_pryamougoln . htm. 

15 J1. KypjiHH,n,HHK, r. Po3eH6jiiOM, MeTOfl 6ecKOHe T moro cnycKa, KBaHT N a 1 (1978). 



